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<^ ! 1. Introduction 

f^ ■ In this note we give a proof of Szemeredi's celebrated regularity lemma 

, [10] in the special case where the graph has bounded VC dimension. In 

the general case it is known that the tower exponential bounds given by 
s-^ ■ Szemeredi's proof are essentially optimal [2], but in this special case we 

\^ ', obtain doubly exponential bounds. After placing this online, we learned 

(— I ■ that a stronger result had already been obtained by Lovasz and Szegedy [6] , 

"t^ . giving polynomial bounds (and a stronger condition on the partition). We 

leave this note online since the proof may still be of interest. 

The results here are reminiscent of recent results by Malliaris and Shelah 

[7] obtaining improved bounds for the regularity lemma under various model 

<^ ' theoretic assumptions (including bounded VC dimension, under its model 

theoretic name, NIP [5j). However their results focus on eliminating or 

•^ I controlling irregular pairs, while the result here keeps the irregular pairs but 

Hj ■ requires fewer components in the partition. 
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(^ '. 2. e-APPROXIMATIONS 

cn ■ 

Throughout this note, we will be concerned with large finite sets X and 
Y. We will use measure-theoretic notation for the normalized counting 
measure: when X' C X, fJ,{X') = W^, when Y' C Y, fJ.{Y') = ^jyj-, and 

Vh '■ when EQXxY, ^i{E) = rMy]- 

rrt I I I I I 

■ - - When E (1 X xY , for x € X, we write Ex = {y \ {x,y) G E} and for 

y € y we write E'^ = {x \ (x, y) € E}. 

Definition 2.1. Let E C X x Y. If / C y, we say {Ex}x£X shatters I if 
for each J '^ I, there is an x G X with E^ Ci I = J. 

The VC dimension of a collection {Ex}x&x is the supremum of |/| for 
those / C y such that {Ex}x£X shatters /. The dual VC dimension of 
{Ex}xeX is the VC dimension of {-E^jyey. 

When E C X x Y, the VC dimension of E is the larger of the VC 
dimension of {Ex}xex and the dual VC dimension of {Ex}xex- 
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An equivalent definition of the dual VC dimension is the suprenium of 
\I\ where I Q X and for each J (^ I, there is a y G y such that y G Ex iff 
X (z J. The definition of VC dimension in terms of the collection {Ex}xex 
is the standard one, but for us it will generally be more convenient to view 
VC dimension as a property of the set of pairs E (and we are only interested 
in the symmetric case where we look at the larger of the VC and dual VC 
dimensions). 

Recall the following standard properties of VC dimension: 

Lemma 2.2. (1) If {Ex}x£X has VC dimension d, the dual VC dimen- 

sion of {Ex}x£X is less than 2*^+-^, 

(2) If X' Q X and Y' Q Y then E D {X' x Y') has VC dimension no 
larger than the VC dimension of E, 

(3) [Shelah-Sauer [8l |9] ] If {Ex}xex has VC dimension d then for any 
set I QY with \I\ > d, 

Theorem 2.3 (e-net Theorem [3l S]). // {Ex}xex has VC dimension at 
most d, d > 2, then for sufficiently large r > 2 there is a set Y Q Y such 
that \Y\ < 0((irlnr) and for each x £ X with fJ.{Ex) > 1/r, Ex ClY is 
non-empty. 

Definition 2.4. We say y C y is an e-net for differences if whenever 
ExnY = Ex'n y, fi{Ex A Ex') < e. 

Lemma 2.5. If {Ex}xex has VC dimension at most d, d>2, then for each 
r > 2 there is an e-net for differences Y CY such that \Y\ < 0(^dr Inr) . 

Proof. For x, x' G X, write Ex-x' = Ex\ Ex'. By jlUlT]. the VC dimension 
of {Ex-x'}x,x'€X is bounded by lOd, so by the e-net theorem, there is a 
set y C y such that \Y\ < O (dr In 2r) = 0((irlnr) so that whenever 

fi{Ex-x') > l/2r, Ex-x' ny is non-empty. In particular, if ExOY = Ex' OY 
then 

f^{Ex A Ex') = ^x{Ex \ Ex') + fi{Ex' \ Ex) < l/2r + l/2r = 1/r. 

D 

3. Regularity 

In this section we fix a set ii^ C X x Y. We write d{X' , Y') = ix') (y) ■ 
Throughout this section, a partition T' is a pair ({Xj}j<„, {Yj}j<m) where 

{Xj}j<„ is a partition of X and {Yj}j<m is a partition of Y. We set \V\ = 

max{n, m}. 

Definition 3.1. We say V = ({X;},{y/}) refines V = {{X,},{Yj]) if for 
each Xi and each X^', , either X[i C Xi or X[i PI Xj = 0, and if for each Yj 
and each Y',, either Y', C y or Y', n y = 0. 
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Equivalently, V' refines V if for eacli Xi, there is some /' sucli that 
{Xj'jj'g// is a partition of Xj, and similarly for each Yj. Clearly this re- 
lation is symmetric and transitive. 

Definition 3.2. We define 

i<n,j<m 

We recall the following standard facts about p: 

Lemma 3.3. (1) < p{V) < 1, 

(2) IfV refines V then p{V) < p{T"). 

Definition 3.4. A pair {Xi,Yj) is e-regular if whenever X' C Xj, Y' C Yj 
with fJ,{X') > eii{Xi) and n{Y') > €fi{Yj), we have 

\d{X,,Yj) - d{X' ,Y')\ <e. 

If P is a partition, we write 3{e,V) for the set of {i,j) such that {Xi,Yj) 
is not e-regular. 

We say V is e-regular if J2(i,j)(zo(e,v) f^i^i)l^(Xj) < f- 

Definition 3.5. Let X Q X,Y Q Y he finite sets. The partition induced 
by X,Y takes, for each I C Y, Xi = {x \ E.^ nY = 1} and for J C X, 
Yj = {y\EynX = J}. 

Lemma 3.6. Suppose X ,Y are e-nets for differences and let V = {{Xi},{Yj}) 
be the partition induced by X ,Y . Then whenever x,x' G Xi, we have 
li{Ex A Ex') < e and whenever y, y' (zYj, we have //(-E^ A E^ ) < e. 

Lemma 3.7. Let X C X' C X,Y C Y' C. Y be given. Then the partition 
induced by X',Y' refines the partition induced by X,Y. 

Lemma 3.8. Suppose V is the partition induced by X^Y and is not 1/r- 
regular. Further, suppose E has VC dimension at most d. Then there are 
X' ^ X and Y' ^Y such that the partion V' induced by X' ,Y' satisfies: 

(1) \V'\ <0{{\V\drHnr^)'^), 

(2) p{V') > p{V) + l/lO^r^. 



Proof. Let V be the partition ({Xj}j<„, {Yj}j<_m)- For each i, define a mea- 

imilarly, define a 

Finally, define a 



sure Pi on subsets of Xi by Pi{X') = ^jjjA = jx"- Similarly, define a 
measure p^ on subsets of Yj by fJ.^{Y') — — — - 



measure p^ on subsets of Xi x Yj by /i^(5') = ,^[ ly. ) ■ 

For each i < n, let X^ be a 1/lOr'^-net for differences in Xi with respect 
to the measure pi; take X' = X U Ui<n"^i- Similarly, for each j < m, let 
Y,' be a 1/lOr^-net for differences in Yj with respect to the measure p^ . By 
Lemma 12.51 each X'^ and Y- may be taken to have size at most O (dr'^ In r'^) . 
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This means |X'|, |y'| < O (^\V \dr^ In r^). Let V' be the partition induced by 

X',Y'. By Shelah-Sauer, \V'\ < O {{\V\dr^ In r^Y). 
It remains to show that 

p{V') > p{V) + 1/ioV^. 

For each i,j, V' induces a partition P' • of Xi,Yj, and we have 

i<n,j<m 

where 

So it suffices to show that whenever (i,j) € Di(l/r, P), 

P^,,{Vlj)>S{X,,Y^) + l/lQ\\ 

So consider some (i,j) G Di(l/r, P), and let P-j = ({X-/ }«'<„', {l^',}j'<m')- 
Let X' C Xj, y C Y^- witness the failure of 1/r-regularity. That is, Hi{X') > 
1/r, i2^(Y') > 1/r, and 

\d{X',Y')-diXi,Yj)\ >l/r. 

Assume d{X',Y') > d{Xi,Yj) + 1/r (the case where d{X',Y') < d{Xi,Yi) - 

1/r is symmetric). Let X' consist of those x G Xi such that ^ j/y/'i ^ 



d(Xi,yj) + l/2r; clearly f^ > l/2r, and so pi{X') > l/2r^. Set 



x = \J{xl,\xl,nx'^(i}. 

Whenever a; G X, we have x € X'-, and some x' € X' so that fij{{Ex A 
E^^/) ny^) < l/lOr^. In particular, since ^'^^T^^^ > d{Xi,Yj) + l/2r and 



,^^^i^>d(X„y,) + 2/l 
^i(X) > l/2r 

consist 
Clearly /i^(y') > l/Sr^. Set 



^i(y') > 1/r, ^'fffflp > tZ(Xi,yj) + 2/5r. Note that X' D X, and so 
Now let Y' consist of those y € y^ such that ^'^^J^f^ > (i(Xi, y^) + l/5r. 



y = J{y^^ I Y^, n y V 0}. 



Again, whenever y G y we have a y' with ^"^{{Ey AE^ ) nXj) < 1/lOr^ and 
l^ii^^gp. > d{Xi, Yj) + 2/5r, and therefore l^ii^^gp. > d{Xi, Yj) + 1/lOr. It 

follows that d(X,y) > d(Xj,yj) + 1/lOr. 

Consider the partition V*. = ({X, X^ \ X}, {Y , Y,j \ Y}). V^- refines V*j 

(since X, y were defined to be unions of components from V^ •), so it suffices 
to show that 

p^,J{Kj)>d\X„YJ) + l/W'r'. 
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Since n{X)^{Y) > l/lOr^ and d{X,Y) > d{X^,Yj) + 1/lOr, this follows 
from standard calculations. 

D 
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Theorem 3.9. // E has VC dimension at most d, there is a 1/r-regular 

partition V with \V\ < 0(((ir^ Inr^)' 

Proof. Let Vq be the trivial partition ({^}, {^})- Given Vi not 1/r-regular, 
the previous lemma tells us there is a V-i+i refining Vi with l^j+i [ < O i{\'Pi\dr'^ In r^) ) 
and p{Vi+i) > p{Vi) + 1/lO^r^. Since < "Pq and Vn < 1, we must have 
n < lO^r , and therefore there is an n < lO^r'^ with Vn 1/r-regular. 
It is easy to check inductively that 

\Vi\ <0{{dr^hir^f^'). 

D 
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